Abstract. We prove an asymptotic formula for the Fourier transform of the arithmetic surface measure associated to the Waring-Goldbach problem and provide several applications, including bounds for discrete spherical maximal functions along the primes and distribution results such as ergodic theorems.
Introduction
Classic work by Hua [10] established the asymptotic for the number of representations of a large natural number λ as a sum of n kth powers of primes where k and n are positive integers such that n ą 2 k and λ P Γ n,k for an appropriate infinite arithmetic progression Γ n,k in N. To establish notation, let λ be a natural number represented as
with each x i in the set of primes P. For x P R ǹ , let fpxq " f n,k pxq " x k 1`¨¨¨`x k n and log x " plog x 1 q¨¨¨plog x n q. Let Rpλq denote the number of prime solutions of (1.1), counted with logarithmic weights:
Rpλq " ÿ fppq"λ log p, where (and through the remainder of the paper) p denotes a vector in P n . Using the HardyLittlewood circle method, Hua proved that when λ Ñ 8, one has the asymptotic Rpλq " S n,k pλqλ n{k´1 , (1.2) where S n,k pλq is a product of local densities:
Here µ p pλq with p ă 8 is related to the solubility of (1.1) over the p-adic field Q p , and µ 8 pλq to solubility over the reals. In particular, the set Γ n,k is determined by the requirement that µ p pλq ą 0 for all primes p. Some examples of progressions Γ n,k (see Chapter VIII in Hua [10] for more details, including the full definition of Γ n,k ) include: ‚ Γ n,k is the residue class λ " n pmod 2q when k is odd; ‚ Γ 5,2 is the residue class λ " 5 pmod 24q; ‚ Γ 17,4 is the residue class λ " 17 pmod 240q. The goal of this paper is to study the distribution of prime points on the algebraic surface (1.1). By combining the methods behind Hua's asymptotic (1.2) with ideas from harmonic analysis, we are able to prove several results on the distribution of such points, including: a Weyl equidistribution theorem, an L 2 ergodic theorem, and a pointwise ergodic theorem. These applications motivate another of our main results -Theorem 3 below -where we take 1 the spherical maximal function in a new direction by proving ℓ p pZ n q bounds for a discrete variant along the primes. This is discussed in more detail later in this introduction.
The starting point to any of the above theorems is extending (1.2) to an approximation formula for the Fourier transform of the arithmetic surface measure ω λ pxq :" 1 Rpλq 1 tpPP n :f n,k ppq"λu pxq log x which makes sense when Rpλq ą 0. As usual write epzq " e 2πiz . When Rpλq ą 0, the Fourier transform of this arithmetic surface measure is the exponential sum
3)
for ξ P T n . We note that x ω λ is defined only for sufficiently large λ P Γ n,k and n sufficiently large in terms of k. Based on the current state of affairs in the Waring-Goldbach problem [13, 14] , the latter means that for large k, the value of n must be at least as large as 4k log k. In reality, the true size of Rpλq is only known for n ě n 0 pkq, where n 0 pkq is a function (to be defined shortly) that satisfies n 0 pkq ě k 2´k , so it only makes sense to study the Fourier transform x ω λ pξq when n ě n 0 pkq. In one dimension, approximations for the relevant exponential sums date back to Weyl [25] for polynomial sequences and to Vinogradov [24] for sums over primes. The related maximal functions and ergodic averages were pioneered by Bourgain in [3] with some improvements by [26, 20] . Motivated by Bourgain's work and applications, approximations for the higher dimensional analogues of (1.3) over the full collection of integer solutions: i.e., for x σ λ pξq " 1 #tx P Z n : fpxq " λu ÿ fpxq"λ epx¨ξq,
were developed by several authors [15, 19, 16, 1, 18, 11] . In particular, Magyar, Stein and Wainger [19] proved the following result that inspired Theorem 1 below.
Theorem (Magyar-Stein-Wainger). When k " 2 and n ě 5, one has the decomposition x σ λ pξq " Gpa, q; bqΨpqξ´bq Ć dσ ? λ pξ´q´1bq`x E λ pξq,
where Ć dσ ? λ is the continuous Fourier transform of the surface measure of the sphere of radius ? λ, Gpa, q; bq " ÿ xPpZ{qZq n eˆa f n,2 pxq`b¨x qi s an n-dimensional Gauss sum, and Ψ is a smooth bump function which is 1 on r´1{8, 1{8s n and supported in r´1{4, 1{4s n . The convolution operators E λ associated with the error terms x E λ satisfy the maximal inequality
for all Λ ą 0.
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Our first theorem is a variant of the Magyar-Stein-Wainger theorem above for the Fourier transform (1.3). Before stating the result, we need to introduce some notation. Given an integer q ě 1, we write Z q " Z{qZ and U q " Zq , the group of units. If q " pq 1 , . . . , q n q P Z n , with q ě 1 (by which we mean that q i ě 1 for all i), we write U q " U q 1ˆ¨¨¨ˆU qn ; it is also convenient to set a{q " pa 1 {q 1 , . . . , a n {q n q and aq " pa 1 q 1 , . . . , a n q n q if a " pa 1 , . . . , a n q is another vector in Z n . Given λ P Z and a, q P Z n , with q ě 1, we now define the exponential sums gpa, q; b, rq " 1 ϕprq, rsq
where ϕ is Euler's totient function. We also fix a smooth bump function ψ such that
where 1 Q is the indicator function of the cube Q " r´1, 1s n ; when h ą 0, we write also ψ h pxq " ψphxq. Finally, we set n 1 pkq " k 2`k`3 when k ě 4, n 1 p3q " 13, and n 1 p2q " 7.
Theorem 1 (Approximation Formula). Let k ě 2, n ě n 1 pkq, and λ P Γ n,k be large, and suppose that λ 1{k ď N À λ 1{k . For any fixed B ą 0, there exists a C " CpBq ą 0 such that one has the decomposition
where Q " plog Nq C , Ą dσ λ 0 is defined in (3.12), and the convolution operators E λ associated with the error terms x E λ pξq satisfy the maximal inequality
Note that (1.5) implies that
We remark that the proof of Theorem 1 allows us to establish (1.6) in a slightly wider range of dimension n than the theorem does for the stronger bound (1.5). Namely, if 2m is any even integer such that one can apply the circle method to establish the asymptotic formula in Waring's problem for 2m kth powers, then (1.6) holds for n ě 2m`1. In particular, using recent advances by Bourgain [4] and Wooley [27] , we obtain (1.6) for n ě n 0 pkq, where n 0 pkq " 2 k`1 when k " 2, 3 or 4, and
These observations are useful in our next result, which describes the decay of x ω λ at irrational frequencies.
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Theorem 2. Let k ě 2 and n ě n 0 pkq.
Let rpλq denote the number of prime points on the k-sphere (1.1). It follows readily from Theorem 2 that, when ξ R Q n , one has lim λÑ8 λPΓ n,k 1 rpλq
This gives a pair of interesting corollaries. The first is obtained by noting that (1.7) is precisely the Weyl criterion for uniform distribution on a torus.
Corollary 1. Let k ě 2, n ě n 0 pkq, and α P pRzQq n . The sets
. . , α n p n q : fppq " λu become uniformly distributed with respect to the Lebesgue measure on the n-dimensional torus T n as λ Ñ 8 along Γ n,k .
Our second corollary is an L 2 -convergence result regarding certain ergodic averages; as in Section 4 of [16] , where the analogous 'integral' result is proven, this follows from the spectral theorem for unitary operators. To state this corollary, let pX, µq denote a probability space with a commuting family of n invertible measure preserving transformations T " pT 1 , ..., T n q. For a function f : X Ñ C, λ P Γ n,k and x P X, define the Waring-Goldbach ergodic averages on X with respect to T by
where
Corollary 2 (L 2 -mean ergodic theorem). Let k ě 2, n ě n 0 pkq, and let pX, µq be a probability space with a commuting family of invertible measure preserving transformations T " pT 1 , ..., T n q such that the joint spectrum of T contains no rational points. Then for all f P L 2 pX, µq, the ergodic averages of f defined by (1.8) converge in L 2 pX, µq to the space average of f ; that is, one has that
To prove the ergodic theorems, we consider the convolution operator A λ with Fourier multiplier x ω λ : for functions f : Z n Ñ C, we write
We will use the Approximation Formula to prove a maximal theorem, stated below. In the remaining theorems, define n 2 pkq " k 2 pk´1q`1 for k ě 7 and n 2 pkq " k2 k´1`1 for 2 ď k ď 6; also define p k,n :" 1`n 2 pkq 2n´n 2 pkq " 2n 2n´n 2 pkq . Theorem 3. Let k ě 2 and n ě maxtn 1 pkq, n 2 pkqu. The maximal function given by
is bounded on ℓ p pZ n q for all p ą p k,n . Remark 1. In sufficiently large dimensions, the maximal function A˚is unbounded on ℓ p pZ n q for p ă n n´k . This can readily be seen by testing the maximal function on a delta function at the origin and using the asymptotic for Rpλq as λ Ñ 8 in Γ n,k . With this in mind, we conjecture that A˚should be bounded on ℓ p pZ n q for all p ą n n´k in sufficiently large dimensions; this is the same conjectured range of p as for the integral maximal function. We refer the reader to [11] for more information on the conjectured range of ℓ p pZ n q-boundedness for the integral maximal function.
Remark 2. In the quadratic case, the Magyar-Stein-Wainger theorem holds for n ě 5 whereas ours only holds for n ě 7. (Theorem 3 does match the Magyar-Stein-Wainger theorem in the range of p, and both ranges are sharp.) An aspect of this work is that for improvements to the value of dimension and p k,n in the integer setting automatically translate to corresponding improvements to n 2 pkq and p k,n in our setting. We plan to use our techniques to improve the range of dimension and p k,n in the integer setting when the degree k is sufficiently large in a forthcoming paper.
We take this moment to describe the proof of our maximal theorem and to compare it with previous works. Throughout the paper we follow the paradigms of [3] as embellished in the integral version of our averages in [19] and [16] . In particular we assume that the reader is familiar with the transference technology of [19] . As in [19] , our maximal theorem will exploit the Approximation Formula which decomposes x ω λ " x M λ`x E Λ into the sum of a main term and error term. We will use separate techniques to get good bounds on the suprema over λ of both the main term and error term. In particular, we will use estimates for relevant exponential sums and oscillatory integrals in addition to the transference results of [19] to bound the main term. However, the methods in previous works such as [19, 11, 12] are insufficient to handle the error term from our circle method approximation in the Approximation Formula. This is due to the logarithmic decay in (1.5) as opposed to power savings that appeared in previous works. To overcome this obstacle, we introduce a hybrid sup and mean value bound to control the relevant exponential sums on our set of minor arcs and consequently bound the error term in ℓ 2 ; this is one of the novel aspects of our paper. From this, the known bounds for the integer case in [19] , and the boundedness of the main term on ℓ p , we are able to bound the analogue of the Magyar-Stein-Wainger discrete spherical maximal function along the primes.
Following Magyar [17] and Bourgain [3] , we will use our maximal theorem to prove the following pointwise ergodic theorem along the primes.
Theorem 4. Let k ě 2, n ě maxtn 1 pkq, n 2 pkqu, and let pX, µq be a probability space with a commuting family of invertible measure preserving transformations T " pT 1 , ..., T n q such that the joint spectrum of T contains no rational points. Then for all f P L 2 pX, µq, the ergodic averages of f defined by (1.8) converge almost everywhere to the space average of f ; that is,
Again, a standard argument (see for instance [26] ) implies the same result without the logarithmic weights.
Corollary 3. Suppose that pX, µq is a probability space with n commuting measure-preserving operators T 1 , . . . , T n satisfying the conditions of Theorem 4. Then, for all f P L 2 pX, µq, one has
µ-almost everywhere.
Combining our pointwise ergodic theorem on ℓ 2 with our maximal function bounds, we immediately obtain, via standard approximation arguments, the following corollary.
Corollary 4. Suppose that pX, µq is a probability space with n commuting measure-preserving operators T 1 , . . . , T n as in Theorem 4. Then, for p ą p k,n and for all f P L p pX, µq, one has
The paper is organized as follows. In Section 2, we collect some needed number theoretic facts. Then in Section 3, we use the circle method to decompose x ω λ into a main term and an error term; we also prove ℓ 2 bounds on the error in this section. One key additional technical difficulty here compared with the work in [19] is that the precise shape of our error terms is more complicated than in the integral case; in particular, we need to perform a major and minor arc analysis of the linear phases (in addition to the higher degree phases). In Section 4, we use a careful analysis and interpolation to get ℓ p bounds on the main term. In Section 5, we compare the averages along the primes to the integral ones to control the error terms and prove Theorem 3. Finally, we prove the ergodic theorems in Section 6.
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Bounds for exponential sums and integrals
Here we recall and prove some results from analytic number theory. Lemma 1. Let a, b, q be integers with gcdpa, b," 1. Then, for any fixed ε ą 0, one has
Proof. This is a special case of Theorem 1 of Shparlinski [21] .
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Lemma 2. Let f pxq " αx k`¨¨¨`α 1 x P Rrxs, with k ě 2, and suppose that there exist integers a, q such that pa," 1 and |qα´a| ď q´1. Then ÿ
where L " log N and c " c k is a constant.
Proof. This is a variant of Theorem 1 in Harman [9] , where the exponent of 2 1´2k is replaced by 4
1´k at the expense of replacing the factor L c above by N ε . The present version is well-known to the experts, but since we were unable to locate it in the literature, we will provide a brief sketch of the argument. The proof requires small adjustments to the proofs of Lemmas 2-4 in [9] . Those proofs use the inequality ÿ
where τ r pxq is the r-fold divisor function. However, in most places the above inequality is used for convenience rather than by necessity. The places where this inequality is really needed occur towards the ends of the proofs of Lemmas 3 and 4 in [9] , when one wants to apply a standard estimate (e.g., Lemma 2.2 in Vaughan [23] ) to the sum on the right side of (2.1). In those places, we can replace (2.1) with
We can then follow the rest of Harman's proof.
Lemma 3. Let a, b, q, r, be integers such that pa," pb, rq " 1 and |α´a{q| ď 2N´1. Then ÿ
Proof. This is the main result of Balog and Perelli [2] , with some of the terms slightly simplified for use in the present context. When 1 ď Q ď X, we define the set of major arcs MpX, Qq by
The complement of a set of major arcs, mpX, Qq " TzMpX, Qq, is the respective set of minor arcs. When working with a particular choice of major and minor arcs, we may write M a{q for the major arc centered at the rational a{q. Note that when 2Q ă X, the set MpX, Qq is the disjoint union of closed intervals of total measure OpQX´1q.
Our analysis of x ω λ pξq will depend on the exponential sum
where the summation is over the prime numbers p ď N. In particular, we need to approximate S N pθ, ξq when both θ and ξ are near rationals with small denominators. Our approximations involve the exponential sum gpa, q; b, rq defined above and the exponential integral
We note that, by Lemma 1, gpa, q; b, rq À rq, rs´1 2) and that the second-derivative estimate for exponential integrals (Lemma 4.5 in Titchmarsh [22] ) yields
Furthermore, since
we can also apply the second-derivative estimate to deduce the bound
Our next lemma uses the Siegel-Walfisz theorem to approximate S N pθ, ξq.
Lemma 4. Let Q, R ď plog Nq C for some fixed C ą 0, let θ P M a{q for some major arc of the set M " MpN k , Qq, and let ξ P N b{r for some major arc of the set N " MpN, Rq. Then
Proof. We write δ " θ´a{q, η " ξ´b{r, and s " lcmrq, rs. When we partition the exponential sum S N pθ, ξ j q into sums over primes in fixed arithmetic progressions, we find that
Since s ď QR ď plog Nq 2C and h P U s , the Siegel-Walfisz theorem yields ÿ
or all x ď N. Using this asymptotic formula and partial summation, we obtain ÿ
The lemma follows from (2.5) and (2.6). 
where L " log N. Moreover, when k " 2 or 3, (2.7) holds for s ě 3 and s ě 6, respectively.
Proof. Set H j " sN j and define
By applying Cauchy's inequality, we deduce that
Hence,
where p, p 1 ď N and satisfy the conditions
where I s,k phq denotes the number of integer solutions of the system
with 1 ď x, y ď N. Grouping the solutions of (2.11) according to the values of the expressions f s,j pxq´f s,j pyq, 1 ă j ă k, we find that ÿ
where J s,k pN; hq is the generalized Vinogradov integral
We can now refer to the recent optimal bound by Bourgain, Demeter and Guth [5] for the classic Vinogradov integral J s,k pNq " J s,k pN; 0q to get 13) provided that 2s ą kpk`1q (see §5 in [5] ). Combining (2.8), (2.10), (2.12), and (2.13), we deduce that ż
and the main claim of the lemma follows.
To justify the stronger claims of the lemma for the cases k " 2 and k " 3, we refer to the results in Chapter V of Hua's book [10] . In particular, Lemma 5.4 in [10] yields
When k " 3, instead of (2.12) we use the inequality
(2.14)
By the case k " 3 of Theorem 8 in [10] , the right side of (2.14) is O ε pN 2s´4`ε q whenever 2s ě 10; the method in §5 of [5] then yields the bound OpN 2s´4 q whenever 2s ą 10. Hence, ÿ
and the desired result follows once again from (2.8) and (2.10).
In §4, we will need some more refined estimates for gpa, q; b, rq and its averages; we establish those in the next lemma. Here, µpnq denotes the Möbius function from number theory (see §16.3 in Hardy and Wright [8] ).
Lemma 6. Let a, b, q, r, be integers with pa," pb, rq " 1, and write q 0 " q{pq, rq and r 0 " r{pq, rq. Then: Proof. (i) Suppose that pr 0 ,ą 1. Then there is a prime number p and positive integers α, β, with α ă β, such that
Let q " p α q 1 and r " p β r 1 . By a change of the summation variable x P U rq,rs in gpa, q; b, rq to x " p β y`rq 1 , r 1 sz, where y P U rq 1 ,r 1 s and z P U p β , we can factor the exponential sum gpa, q; b, rq as gpa, q; b, rq " gpap kβ´α , q 1 ; b, r 1 qgpa 1 , p α ; b 1 , p β q, (2.16) where a 1 " arq 1 , r 1 s k q´1 1 and b 1 " brq 1 , r 1 sr´1 1 . We note that pa 1 , pq " pb 1 , pq " 1. Next, we write the variable z P U p β in gpa 1 , p α ; b 1 , p β q as z " u`p α v, where u P U p α and v P Z p γ , γ " β´α. This gives
Since pb 1 , pq " 1, the last sum over v vanishes. Together with the factorization (2.16), this proves (i).
(ii) When pq, r 0 q " 1, we change the summation variable x P U rq,rs in gpa, q; b, rq to x " r 0 y`qz, where y P U q and z P U r 0 . Similarly to (2.
We now note that the last exponential sum is a Ramanujan sum modulo r 0 and pbq 0 , r 0 q " 1. Hence, the claim follows from a classical expression for the Ramanujan sum (see Theorem 272 in Hardy and Wright [8] ).
(iii) Let G r pa, q; uq denote the sum over b on the left side of (2.15). By part (i) 
where we have used that τ ppq, rqqτ pr 0 q " τ prq.
Proof of the Approximation Formula
In this section, we use the circle method to prove Theorem 1. However, before we proceed with that, we establish a lemma that allows us to leverage our estimates for exponential sums to bound various dyadic maximal functions, including the maximal function of the error term.
Lemma 7. Let L be a set of integers. For λ P L, let T λ be a convolution operator on ℓ 2 pZ d q with Fourier multiplier x m λ pξq given by
where pX, µq is a measure space, Φ : ZˆX Ñ R, and Kp¨; ξq P L 1 pX, µq is a kernel independent of λ. Let pT˚f qpxq " sup
Proof. Suppose that f P ℓ 2 pZ d q. We first exchange the order of integration to get
Note that since the last integral is independent of λ, the same bound holds for pT˚f qpxq. Consequently,
on using Minkowski's and Bessel's inequalities. The lemma follows by applying Plancherel's theorem to f andf .
For λ P Γ n,k X rP, 2P s, we set N " p2P q 1{k . We also write L " log N. By orthogonality,
To analyze the last integral, we partition the torus into major and minor arcs. Let Q " L C , where C ą 0 is a sufficiently large constant to be described later. We set M " MpN k , Qq and m " mpN k , Qq.
3.1. The minor arc contribution. The minor arc contribution to the integral (3.1) will be part of the error term in the Approximation Formula. Let
Since Rpλq Á N n´k , the estimate (1.5) for x E 1 will follow from Lemma 7, if we show that ż
When θ P m, it has a rational approximation a{q such that Q ď q ď N k Q´1, pa," 1 and |qθ´a| ă q´1. By Lemma 2 with f pxq " θx k`ξ x, we have sup pθ,ξqPmˆT
with γ k " 2 1´2k . Using this bound and Hölder's inequality, we get ż
Hence, when n ě k 2`k`3 (or n ě 7 for k " 2), we obtain from Lemma 5 that ż
We can therefore choose C 1 " C 1 pB, k, nq ą 0 such that when C ě C 1 in the definition of Q, the last inequality yields (3.2).
3.2.
The major arc contribution, I. Let R " Q 3 and define
We will show that when ξ R N n , the contribution of the major arcs M to the integral (3.1) can be estimated similarly to the minor arc contribution.
Suppose that θ P M a{q and write δ " θ´a{q. Then, by partial summation,
where the supremum is over 2 ď M ď N and h P U q . When ξ P r, it has a rational approximation b{r such that
Hence, we may use Lemma 3 to show that
On the other hand, if ξ P R b{r for some major arc in R, Lemma 4 yields
where η " ξ´b{r. When ξ R N, we have either r ě Q or r|η| ě QN´1. When r ě Q, (2.2) yields gpa, q; b, rq À Q´1 {2`ε , 13 and when r ď Q and r|η| ě QN´1, (2.2) and (2.4) yield
We conclude that inequality (3.6) holds whenever ξ R N. Thus, unless ξ P N n , we have the bound (3.6) for some exponential sum S N pθ, ξ j q. Using that bound in place of (3.3) in the argument of §3.1, we conclude that when C ě C 2 pB, n, kq in the definition of Q, the estimate (1.5) holds for
where Ψpξq is any bounded function that is supported outside N n . In particular, the above inequality holds for
where ψ is the bump function appearing in the statement of the Approximation Formula.
3.3. The major arc contribution, II. We now proceed to approximate the contribution of the major arcs to (3.1) when ξ lies close to N n . For vectors a, q with 1 ď q ď Q and a P U q , let N a{q denote the support of ψ N {Q pqξ´aq, and let N denote the union of all the different sets N a{q . Suppose that ξ " pξ 1 , . . . , ξ n q P N a{q . When θ P M a{q , we write δ " θ´a{q and η j " ξ j´aj {q j . By Lemma 4,
Since the major arcs are disjoint, we may define the function Since |M| À QN´k, we can use the above inequality and Lemma 7 to show that (1.5) holds for the error term
By (3.1) and the above analysis, we have
with an error term x E 4 pξ; λq that satisfies (1.5). Next, let
We want to extend the integral on the right side of (3.7) to the set M 1 . The hypothesis on n implies readily that n ě 3k. We now apply once again Lemma 7 together with the inequality ż
where we have used (2.2) and (2.3). Combining these estimates and (3.7), we obtain
F˚pθ; ξqep´λθq dθ`x E 5 pξ; λq, with an error term x E 5 pξ; λq that satisfies (1.5). We now identify ż
F˚pθ; ξqep´λθq dθ (3.8)
as an integral over a subset of QˆR with respect to the product measure µpr, δq " νprqˆdδ, where ν is the counting measure on Q and dδ is Lebesgue measure on R. Then one final appeal to Lemma 7 allows us to replace (3.8) by
gpa, q; a j , q j qI N pδ, η j q * ep´λpa{q`δqq dδ. 
We remark that the integral (3.9) equals G λ pa, qqI λ pηq, where
an error term x E λ pξq that satisfies (1.5). To complete the proof of Theorem 1, we note that
where λ 0 " λN´k and dσ λ 0 is the Gelfand-Leray surface measure on the surface
Estimation of the main term contribution
In this section, we consider the maximal function of the convolution operator whose multiplier is the main term in the approximation formula. Given a sufficiently large λ P Γ n,k , let j be the unique integer such that 2 j ď λ ă 2 j`1 . Let M λ denote the convolution operator with Fourier multiplier
with N " 2 j{k , Q " plog Nq C for some large fixed C ą 0, and λ 0 " λN´k P r1, 2s. We write M˚for the maximal operator defined pointwise as
Our main objective in this section is to prove the following theorem.
2`1 u and p ą n n´2
, then the maximal operator M˚is bounded on ℓ p pZ n q.
Remark 3. Note that n 1 pkq, n 2 pkq ě pk´1q 2`1 so that these restrictions on the dimension n dominate in Theorem 3. In terms of the exponent p, our range of ℓ p -spaces is independent of the degree k ě 2 and match those of the quadratic case (when k " 2) for the integral spherical maximal function of Magyar, Stein and Wainger [19] . In contrast, from [11] we know that the integral k-spherical maximal functions of Magyar [15] are unbounded on L p pR n q for p ď n n´k for each k ě 3. The difference is that in our current setup the analytic piece of the operator (see below) is more localized in Fourier space than it is in previous works; this improves its boundedness properties.
To this end, we also introduce the maximal functions where
. Applying the triangle inequality on ℓ p pZ n q in (4.1), we see that
Next, we estimate
for a fixed rational number a{q and a dyadic box D.
Suppressing the dependence on a{q, we write M q λ for the convolution operator M a{q;q λ
. Similarly to [3, 19] , we first decompose each Fourier multiplier y M q λ into an analytic piece and an arithmetic piece. Let ψ be the bump function from the statement of the Approximation Formula. For q P Z ǹ , we define the function Ψ q pξq " ψp16qξq and note that, when λ is large and q ď Q, one has ψ N {Q pqξ´aq " ψ N {Q pqξ´aqΨ q pqξ´aq.
We also write F paq " F pa, q; a," n ź i"1 gpa, q; a i , q i q.
We now define the Fourier multipliers Hence, 5) where the maximal function T q is defined by
The estimation of the sum on the right side of (4.5) is broken into three lemmas. First, we note that when q ď Q, the supports of the functions ψ N {Q pqξ´aq are disjoint, which puts the multipliers T q λ and T q into the form considered by Magyar, Stein and Wainger in Section 2 of [19] . In particular, Corollary 2.1 in [19] allows us to transfer the bound in next lemma to the maximal operators T q .
Lemma 8. If n ě pk´1q 2`1 and p ą 1, the maximal operator
From this lemma and Corollary 2.1 in [19] , we deduce that
Thus, (4.5) yields
Note that Corollary 2.1 in [19] requires an appropriate choice of Banach spaces in order to apply it, hence our chosen decomposition of the multiplier and the application of their Corollary 2.1 at this point in the proof.
Lemma 9. Let D be either a dyadic box of the form D j above or a singleton in Z ǹ . Then for all a, q and ε ą 0, one has ÿ
where w q pqq "
Lemma 10. For all a, q, q and ε ą 0, one has
Now, we will use the lemmas to complete the proof of Theorem 5. First, we note that when 1 ă p ă 2, interpolation between Lemma 10 and the singleton case of Lemma 9 yields
where p 1 is the conjugate exponent of p, defined by the relation 1{p`1{p 1 " 1. Using (4.6) and (4.9), we obtain
for all p ą 1. On the other hand, using (4.6) and Lemma 9, we have
When 1 ă p ă 2, we can interpolate between (4.11) and (4.10) with p 1 " pp`1q{2. If θ is defined so that 1{p " p1´θq{p 1`θ {2, we get
Recall that we are interested in the case when D is the Cartesian product of intervals r2 j i´1 , 2 j i q, j i P Z`, and write
Hence, by the well-known inequality τ pqq À ε q ε ,
Applying these bounds to the right side of (4.12), we finally obtain 13) provided that p ą 1. We now apply (4.13) to all boxes D j that appear on the right side of (4.2) and then sum the resulting bounds over j to find that ÿ
(4.14)
Let j 0 " j 0 pqq be the unique index for which 2 j 0 ď q ă 2 j 0`1 and note that (4.14) is uniform in a P U q . By splitting the series over j at j 0 , we deduce that ÿ
provided that 0 ă ε ă θ{2. After choosing ε ą 0 sufficiently small, Theorem 5 is an immediate consequence of (4.2) and (4.14), provided that n{p 1 ą 2, that is, p ą n n´2 .
Proofs of the lemmas.
Proof of Lemma 9. Note that the functions Ψ q pqξ´aq with distinct central points a{q, where q P D, have disjoint supports. Indeed, if Ψ q 1 pq 1 ξ´a 1 qΨ q 2 pq 2 ξ´a 2 q ‰ 0, with a 1 {q 1 ‰ a 2 {q 2 , then for some index i, 1 ď i ď n, we have
a contradiction. Hence, Plancherel's theorem gives Applying Lemmas 1 and 6 to each factor gpa, q; a i , q i q in F paq, we find that
where we have used the well-known inequality ϕpmq´1 À m´1 log log m.
(4.18)
Combining (4.16), (4.17) and Cauchy's inequality (in q), we obtain
by our earlier observation about the supports of the functions Ψ q pqξ´aq. The lemma follows by another appeal to Plancherel's theorem.
Proof of Lemma 10. For b, q P Z n and f : Z n Ñ C, let f b,q denote the restriction of f to the residue class b modulo q in Z n : i.e., f b,q pxq " f pb`qxq. We remark that it suffices to prove the lemma for functions f b,q . Indeed, if the inequality
holds for all restrictions f b,q , then also
We now proceed to establish (4.8) for restrictions f b,q . Note that y f b,q pξ`a{qq " epb¨a{qq¨y f b,q pξq.
From this we can deduce that
where | Ψ q denotes the inverse Fourier transform of Ψ q pqξq and G q pa, q; uq " ÿ aPUq F pa, q; a, qqep´u¨a{qq.
(Note that G q pa, q; uq is a multidimensional version of the sum G r pa, q; uq that appears in the proof of Lemma 6.) We now have
We rearrange the last sum according to the residue class of y modulo q. Since G q pa, q; y´bq depends only on the residue class of y modulo q, we get
The sum over z on the right side of (4.19) is q-periodic in r´x, so we may assume that
.
Inserting the last bound into the right side of (4.19), we deduce the estimate
Since ÿ rPZqˇG q pa, q; r´bqˇˇ"
Lemma 6(iii) now yields
The desired estimate now follows from (4.18) and the bound τ pmq À ε m ε .
Comparison with the integral maximal function
In this section, we show that the maximal function of the error term is bounded on ℓ p pZ n q for a range of p by comparing the averages A λ for λ P Γ n,k with the bounds for the corresponding integral operators. This combined with the boundedness of the main term shows that the maximal function A˚is bounded on ℓ p pZ n q. As we will see, our range of ℓ p -boundedness for the averages A˚matches that of the integral maximal function B˚below, possibly up to endpoints. For f : Z n Ñ C and x P Z n , define the integral averages by
along with their maximal function
The operator B˚is equivalent to Magyar-Stein-Wainger's discrete spherical maximal function. Our goal is to prove the following comparison between the integral maximal function and the Waring-Goldbach maximal function.
Theorem 6. Suppose that 1 ă p 0 ă 2 and n ě n 1 pkq. If B˚and M˚are bounded on ℓ p 0 pZ n q, then A˚is bounded on ℓ p pZ n q for p ą p 0 .
6.2.
The Pointwise Ergodic Theorem. To prove Theorem 4 we will utilize the Calderón transference principle and in doing so, we need to introduce some notation. Let K be a large natural number and define the discrete cube
For a µ-measurable function f : X Ñ C, define its truncated transfer function, F px, mq " f pT m xq¨1 CpN q pmq for all x P X and m P Z n . For λ P Γ n,k , also define the transferred averages A λ F px, mq :" 1 Rpλq We endow the transfer space XˆZ n with the product measure of µ on X and the counting measure on Z n . As in [11] , we deduce Theorem 4 from the tail oscillation inequality below. We refer to [11] for the details of this reduction, which relies on the Calderón transference principle.
Proposition 1 (Transferred Oscillation Inequality). Let f be a bounded function of mean zero on X and F its transfer function. For all ǫ ą 0, there exists a sufficiently large radius R " Rpǫ, f q P Γ n,k such that
The proof of the transferred oscillation inequality requires a few steps which we carry out in succession. First, we extend the Approximation Formula to the lifted averages. For ξ P T n , define the partial Z n -Fourier transform as
The reader may verify that z A λ F px, ξq " x ω λ pξq p F px, ξq. (6.4) Equation (6.4) allows us to extend the multipliers on Z n to multiplers on XˆZ n . Define the convolution operators M a{q,a{q λ by the multipliers
Similarly define the error term by
Also define their tail maximal functions similarly to A ąR F .
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Our estimates on the error term in Theorem 1 transfer over to show that
for all large, positive C 1 , so that choosing R sufficiently large we may make this arbitrarily small. This shows that the averages are equiconvergent with the main term. Lemmas 9 and (4.15) (applied with p " 2) combine to give for q, q ą Q we have
for some positive C 2 when n ě maxtn 1 pkq, n 2 pkqu. Our final proposition completes the proof of Theorem 4. This is the only place where the vanishing of the rational spectrum is used. Proposition 2. If ǫ ą 0, then there exists a radius R " Rpf ; ǫ, Qq P Γ n,k sufficiently large such that for all q, q ď Q, a P U q and a P U q ,
with implicit constants independent of a, a; q, q.
As this is the essential part, we include the proof. Our proof will follow that of Proposition 9.2 in [11] for the integral k-spherical maximal function. Unlike the integral maximal function where the localizing bump function depends on the modulus q, our current localizing bump function depends on the radius so that the continuous part or the multiplier behaves like a smooth Hardy-Littlewood averaging operator. This simplifies our exposition.
Proof. By Lemma 8, the tail maximal function of the multipliers
is bounded on L 2 pXˆZ n q with the bound
where R 1 :" Rplog Rq´C. To prove Proposition 2 it suffices to show that › › ›ψ
for each a, q and sufficiently large R depending on ǫ. Plancherel's Theorem and the Spectral Theorem imply › › ›ψ pXq`ν f p|η´a{q| À |qR|´1q. For a{q " 0, ν f p|η| À |qR|´1q Ñ ν f p0q as R Ñ 8, but ν f p0q " | ş X f dµ| 2 " 0. For a{q ‰ 0, ν f p|η´a{q| À |qR|´1q Ñ ν f pa{qq as R Ñ 8, but ν f pa{qq " 0 by our assumption on the rational spectrum. Since there are finitely many a{q and a{q, we can finish by choosing R large enough. Note that our parameter R depends on the spectral measure ν f and consequently on the function f , in addition to ǫ and Q.
Proof. By rescaling, we only need to prove thať ψ plog λq´C˚d σ 1 pxq À C,N plog λq
This is well-known for the spherical measure (see for example, equation (5.5.12) in [7] ), but there is essentially no difference in the proof for the remaining k-spherical measures when k ě 3.
We also need a corresponding L 8 bound.
Proposition 4. For n ě 2 and k ě 2, we have that
Proof. Let N " λ 1{k 2 j{k . Using the fact that λ P N we can show that the number of overlapping summands pψ λ 1{k´ψ λ 1{k plog λq´C q contributing to the sum is plog Nq C N k´2 2 jp1´2{kq . Combining this with the decay of the Fourier transform of the spherical measure 2 pj{kqp n´1 k q we arrive at the result.
Proof of Lemma 8. Fix C ą 0. Since T˚is trivially bounded L 8 pR n q, we only need to show that it is also bounded on L p pR n q for all 1 ă p ď 2. First note thatψ λ 1{k˚dσ λ is an approximation to the identity. Therefore we have the pointwise bound for x P R n , where σ is the exponent in Proposition 4. Here |F | denotes the Lebesgue measure of the set F . Notice that we have used Proposition 4 and Plancherel to obtain the l 2 bound in the second to last line. To interpolate between L 1 and L 2 we need σ ą 0 which occurs when n ě pk´1q 2`1 . For any 1 ă p ă 2 we choose Λ ą 0 depending on 0 ď α ď 1 so that both summands are dominated by |F |α´p, which gives the restricted weak-type inequality.
The Marcinkiewicz interpolation theorem gives the strong-type inequality.
